We report on a nonperturbative evaluation of the renormalization factors for the vector and axial-vector currents, Z V and Z A , in the quenched domain-wall QCD ͑DWQCD͒ with plaquette and renormalization-groupimproved gauge actions. We take the Dirichlet boundary condition for both gauge and domain-wall fermion fields on the finite box, and introduce flavor-chiral Ward-Takahashi identities to calculate the renormalization factors. As a test of the method, we numerically confirm the expected relation that Z V ӍZ A in DWQCD. Employing two different box sizes for the numerical simulations at several values of the gauge coupling constant g 2 and the domain-wall height M, we extrapolate Z V to infinite volume to remove a/L errors. We finally give the interpolation formula of Z V in the infinite volume as a function of g 2 and M.
I. INTRODUCTION
Recent lattice calculations in the domain-wall QCD ͑DWQCD͒ have shown that the good chiral property of domain-wall fermions leads to a good scaling behavior of physical observables such as quark masses and B K ͓1͔. Aside from the quenched approximation, the use of perturbative renormalization factors is the largest source of uncontrolled systematic errors in these calculations. Some kind of nonperturbative renormalization is required to reduce the total error to a few percent level except that from the quenched approximation.
There exist two popular methods for nonperturbative renormalization in lattice QCD: one is the RI-MOM ͑regularization-independent momentum subtraction͒ scheme ͓2͔, and the other is the SF ͑Schrödinger functional͒ scheme ͓3͔. The former method is simpler and has already been applied to DWQCD ͓4͔. The latter one is more suitable to evaluate the scale-dependent renormalization factors. It is rather complicated, however, to implement the SF scheme in DWQCD.
In this paper we formulate a finite volume method very similar to the SF scheme, to calculate the scale-independent renormalization factors Z V and Z A . We employ the SF boundary condition for the gauge fields, equivalent to the Dirichlet boundary condition in the absence of boundary fields, while the boundary quark fields with the simple Dirichlet boundary condition, which is different from the SF boundary condition for quarks, are introduced to construct the gauge-invariant observables. In the case of the scaledependent renormalization factors such as Z P , an extra perturbative calculation is required to convert the renormalization factors calculated in some scheme with the special boundary condition ͑ours or the SF͒ to the one defined in the conventional modified minimal subtraction (MS) scheme. In the case of Z V or Z A , however, the same renormalization factors are obtained from different boundary conditions, since the flavor-chiral Ward-Takahashi identities uniquely determine them.
Using the finite volume method, we can calculate Z V and Z A nonperturbatively at the massless point, so that the systematic error associated with the chiral extrapolation can be removed. The calculation of the scale-independent renormalization factors for vector and axial-vector currents is the first step to the calculation of the scale-dependent renormalization factors for the quark mass and B K . In addition to this purpose we can use our calculations to probe the chiral symmetry in DWQCD. For example, since chiral symmetry predicts Z V ϭZ A , the difference of the two renormalization factors can be used to measure the size of the chiral symmetry breaking in DWQCD.
This paper is organized as follows. In Sec. II we formulate DWQCD on a finite box. In particular we give a detailed description of the quark boundary conditions and explicit forms for the correlation functions which include the boundary quark fields. In Sec. III utilizing the vector an axialvector Ward-Takahashi identities, we introduce the conditions which determine the renormalization factors for the vector and axial-vector currents. We explicitly give the renormalization factors Z V and Z A in terms of the correlation functions on the finite box. In Sec. IV we present results of numerical tests for our method. By investigating the behavior of the quark mass defined through the axial Ward-Takahashi identity as a function of the time, we show that the effect of the Dirichlet boundaries to the zero modes rapidly disappears away from the boundaries. We also show that the expected relation Z V ӍZ A is satisfied for sufficiently large N s , the size of the fifth dimension of DWQCD. In Sec. V we calculate the renormalization factors at several values of the gauge coupling constant g 2 and the domain-wall height M for both plaquette and renormalization-group-͑RG-͒ improved gauge actions in the quenched approximation. Using data from two different lattice volumes we extrapolate Z V to the infinite volume, in order to remove possible O(a/L) errors. We globally fit Z V in the infinite volume as a function of g 2 and M. Our conclusion and discussion are given in Sec. VI.
II. DWQCD ON A FINITE BOX

A. Gauge action
The gauge action is give by
where U P is the product of the gauge link variables along the plaquette loop P and U R is the one along the rectangular loop R, with the normalization c 0 ϩ8c 1 ϭ1. Note that the action with c 1 ϭ0 corresponds to the plaquette action and c 1 ϭ Ϫ0.331 is the RG-improved one obtained by Iwasaki ͓5͔.
In the finite volume scheme such as the SF scheme, the theory is defined on L 3 ϫT lattice with cylinder geometryi.e., the periodic-type boundary condition ͑PBC͒ in the spatial directions and the Dirichlet boundary condition ͑DBC͒ in the time direction. Throughout this paper the convention that LϭN l a and TϭN t a is used. In this case the dynamical variables are U(x) k with times x 0 ϭa, . . . ,TϪa and U(x) 0 with x 0 ϭ0, . . . ,TϪa ͑i.e., inside the cylinder͒, while Dirichlet boundary conditions are imposed on the fields U(x) k at x 0 ϭ0 and T as
where C k and C k Ј are diagonal matrices ͓3͔:
In the calculation of renormalization factors, we take i ϭ i Јϭ0, zero boundary fields.
In order to remove O(a) errors caused by the DBC, we modify the weights c 0 and c 1 in the action near the boundaries. In the case of the plaquette action the perturbative calculation gives c 0 →c t ϭ1Ϫ0.089g 2 Ϫ0.030g 4 ϩO͑g 6 ͒ for each time-space plaquette P 0k which just touches one of the boundaries. ͑The time coordinate for the center of the plaquette x 0 ϭa/2 or TϪa/2.͒ In the case of the RG action, there exist several choices but we adopt the following one which removes the O(a) term at the tree level ͓6͔:
for each time-space-space rectangle R 0kk which has exactly two lines on a boundary. 
The quark field is defined as usual:
where In the finite volume scheme we may rewrite it as
where P Ϯ ϭ P Ϯ0 . Terms which contain two external fields are not explicitly written in the first line in Eq. ͑1͒, since they do not contribute to the correlation functions we are interested in. Note that this boundary condition is different from the SF boundary condition for quarks ͓9͔, since this condition is invariant under the chiral transformation of the domain-wall fermion defined by
with w(s)ϭ"sϪ(N s ϩ1)/2…, while the SF boundary condition for quarks must break the chiral symmetry ͓9͔. In the continuum limit the boundary term in the latter case becomes
which manifestly breaks the chiral symmetry. It may be possible to formulate the domain-wall fermion which satisfies the corresponding SF boundary condition on a cylinder ͓10͔.
The classical solution which satisfies the Dirac equation
with boundary values
is given by ͓11͔
where S(X,Y ) is the propagator with the zero boundary value:
Note that the above expression for cl is not valid at x 0 ϭ0 or T. To show Eq. ͑5͒, it is enough to see
for 0Ͻx 0 ϽT with boundary values ͑6͒. In the actual simulations, the propagator S(X,Y ) can be easily obtained by solving the Dirac equation numerically with the condition that U(x ជ ,x 0 ϭ0) 0 ϭU(x ជ ,x 0 ϭTϪa) 0 ϭ0. Now let us consider the path integral for the fermion with source (x), (x) and the boundary fields , , Ј, Ј:
To perform the path integration, we introduce the change of variables
with the boundary condition that (x,s)ϭ (x,s)ϭ0 at x 0 ϭ0 and T. Integrating out and and using the fact that the classical background fields cl and cl satisfy the Dirac equation except boundaries, one finally obtains
Introducing the boundary fields as
, ͑x ͒ϭ ␦ ឈ ␦͑x͒ , and denoting q(x)ϭ P L (s)(x,s) and q (x)ϭ (x,s) P R (s), we list all fermionic correlation functions used in this paper as follows.
where † is applied to only color and flavor indices. It is finally noted that the twisted boundary condition in the spatial directions can be imposed for the quarks ͓3͔, by replacing
III. DETERMINATION OF RENORMALIZATION FACTORS
A. Ward-Takahashi identities
The integrated version of Ward-Takahashi ͑WT͒ identities are used to determine renormalization factors for vector and axial-vector currents, Z V and Z A ͓3͔. Let R be a space-time region with smooth boundary ‫ץ‬R, and O int and O ext are observables localized in the interior and the exterior of R, respectively. The vector WT identity reads
while the axial-vector WT becomes
where
is the renormalized ͑axial-͒vector current and ͓ P a ͔ R is the renormalized pseudoscalar density, while unrenormalized quantities are given by
B. Vector current
We take RϭL 3 ϫ(0,x 0 ), so that ‫ץ‬R consists of threedimensional spaces at tϭ0 and at tϭx 0 . 
͑14͒
From Eq. ͑12͒ we can determine Z V , the renormalization factor for the vector current, together with the b V , one of the O(ma) improvement coefficients. Note that b V ϭ0 if the chiral symmetry of DWQCD is exactly satisfied.
C. Axial-vector current
For the axial-vector current, we take RϭL
and
and plug them into the axial-vector WT identity with m ϭ0. We then obtain
with x 0 Ϯ ϭy 0 Ϯt. We finally define the unrenormalized quark mass m AWTI through the following WT identity:
IV. TEST OF THE FORMULATION BY NUMERICAL SIMULATIONS
A. Effects of boundaries on quark masses
Since the boundary condition in time with ϭ ϭ0 is identical to the Shamir's domain-wall ͑Dirichlet͒ boundary condition ͓8͔, extra zero modes may appear near x 0 ϭ0 and T. One has to check whether these unwanted zero modes induce an extra contribution to the low energy observables at 0Ӷx 0 ӶT. Here we consider the quark mass am AWTI , defined through the axial Ward-Takahashi identity ͑AWTI͒. In Fig. 1 , we plot am AWTI for free theory as a function of x 0 with Dirichlet, periodic, and antiperiodic boundary conditions at the bare quark mass m f aϭ0.01, on an 8 3 ϫ24ϫ16 lattice, with the domain-wall height M ϭ0.9. The dependence of am AWTI on the boundary condition, which is visible near the boundaries, disappears away from them. Therefore we conclude at least for the free case that the extra zero modes associated with the Dirichlet boundary condition have negligible effects on the determination of the renormalization factors evaluated at x 0 ӍT/2.
In Fig. 2 , am AWTI in the quenched DWQCD with our boundary condition is plotted as a function of x 0 on 8 3 ϫ24 ϫN s lattices with m f aϭ0 and M ϭ1.8 at ␤ϭ6.0 for the plaquette gauge action. Since the x 0 dependence is weak away from the boundaries, we nonperturbatively confirm the conclusion in the free case that the effect of the Dirichlet boundary condition is negligible. Interestingly m AWTI is nonzero even at m f aϭ0, and becomes smaller for larger N s . Moreover, the value is consistent with m 5q , a measure of the explicit chiral symmetry breaking calculated from the conserved axial-vector current of DWQCD ͓12͔. More precisely m AWTI at m f aϭ0 is equal to (Z P /Z A )m 5q up to a small lattice artifact. This fact suggests that m AWTI in our finite volume scheme may be a better alternative as the measure of explicit chiral symmetry breaking in DWQCD, since it can be calculated directly at m f aϭ0 with much less computational cost. Note also that the large explicit breaking in m AWTI at N s ϭ8 ͑open circles͒ is compensated for if one takes a negative quark mass of m f aϭϪ0.005 ͑solid circles͒. This demonstrates that the domain-wall fermion at N s ϭ " ϱ can be considered as a highly improved Wilson fermion ͓13͔.
For lack of exact chiral symmetry at finite N s , there is no unique definition for the massless point. In this paper we adopt m f aϭ0 as our massless point for the calculation of renormalization factors, instead of taking m f aϭϪm 5q a as usually done for the Wilson fermions. Although differences in renormalization factors between the two definitions exist, they are expected to be sufficiently small at N s ϭ16. 
B. Renormalization factors
The nonperturbative renormalization factors for vector and axial-vector currents are defined at m f aϭ0 by the relation that
where we fix x 0 Ϯ ϭT/2ϮT/4. In this paper we do not attempt to determine b V , which must vanish exponentially in N s . In We compare the results from the boundary counterterms at the tree level ͑circles͒ with those at two loop ͑squares and diamonds͒ as well as those at ϭ0 with that at ϭ0.5 ͑squares͒.
FIG. 4. Z V and Z A vs M on 8
3 ϫ16ϫ16 at ␤ϭ6.0 for plaquette action ͑upper͒ and at ␤ϭ2.6 for the RG action ͑lower͒. Perturbative estimates are given at one loop with the MF improvement ͑solid lines͒ and without it ͑dashed line͒. satisfied nonperturbatively within 1%-2%. 1 Moreover, the magnitude of Z V,A almost agrees with the value at one loop in the mean-field-͑MF-͒ improved perturbation theory using the plaquette ͓14͔. We also observe that Z V is insensitive to boundary parameters such as the two-loop boundary counterterms for gauge fields and the parameter of the twisted boundary condition for quarks. with one-loop perturbative estimates with and without MF improvement ͓14͔. For both gauge actions, Z V ӍZ A holds, and they have a minimum at M Ӎ1.7 for the plaquette action or M Ӎ1.6 for the RG action. The deviation from Z V ϭZ A becomes larger as M goes far away from the minimum. Perturbative estimates without MF improvement fail, particularly for the plaquette action for which the curve can not be placed in the figure. The MF improvement makes the agreement much better for both actions.
V. RESULTS
We extract Z V and Z A at various values of g 2 for both plaquette-and RG-improved gauge actions on an N l 3 ϫN t ϫN s ϭ8 3 ϫ16ϫ16 lattice. In addition we employ a different four-dimensional lattice size N l 3 ϫN t ϭ12 3 ϫ24 or 4 3 ϫ8, while keeping N s ϭ16, in order to investigate the a/L ϭ1/N l dependences of Z V and Z A . Simulation parameters are given in Table I , together with the lattice spacing a, obtained from the global parametrization for the string tension as a function of g 2 :
where b 0 ϭ11/(4) 2 and b 1 ϭ102/(4) 4 ͑the coefficients of ␤ function in the quenched theory͒. The coefficients of the parametrization become c 0 ϭ0.01364, c 2 ϭ0.2731, c 4 ϭ Ϫ0.01545, and c 6 ϭ0.01975, with g 0 2 ϭ1.0 for the plaquette action ͓15͔, and c 0 ϭ0.524, c 2 ϭ0.274, c 4 ϭ0.105, and c 6 ϭ0, with g 0 2 ϭ6/2.4 for the RG action ͓16͔. We use 1/2 ϭ0.44 GeV to get a in Table I . Gauge fields are updated bythe pseudo-heat-bath algorithm with five hits, followed by four overrelaxation sweeps; the combination of these updates is called an iteration. After 2000 iterations for a thermalization, we calculate the fermionic correlation functions on the gauge configurations separated by 200 iterations. On each M at given ␤, different gauge configurations are used to evaluate Z V and Z A , so that the measurements of Z's at different M are independent. Raw data of Z V ͑the third and fourth columns͒ and Z A ͑the second column͒ are compiled in Table  II for the plaquette action and Table III for the RG action. It has been shown that Z V ϭZ A in perturbation theory for DWQCD at N s ϭϱ ͓14͔, and as already mentioned in the previous section, this equality is well satisfied nonperturbatively at ␤ϭ6.0 for the plaquette action and at ␤ϭ2.6 for the RG action. Although violation of this equality becomes larger at stronger coupling ͑at ␤ϭ5.8 for the plaquette action and at ␤ϭ2.4,2.2 for the RG action͒ or at the values of M far away from the ''minimum'' where the chiral symmetry is best realized, we define Z A ϭZ V for DWQCD in this paper, taking numerical values of Z V as the renormalization factor for both vector and axial-vector currents. Therefore we discuss Z V only hereafter.
A. Z V as a function of M
At each g 2 , we fit Z V as a function of M by the formula
which is suggested by the perturbation theory ͓14͔. Results for fit parameters M C , A 2 , and B i (iϭ0,1,2) are given in Tables IV and V, together 
As we observe that ␦ max are typically less than 1% and at most a few%, the fit describes data well. using data on two different spatial lattice sizes L. For the interpolation or the extrapolation, we adopt the linear dependence
Since only data at two different N l are available, the value of Z V at fixed L and its error are estimated by
, and x 12 ϭ1/N 1 Ϫ1/N 2 with N 1 ϭ8 and N 2 ϭ4 or 12, and ␦ means the error of the corresponding quantity. To estimate the systematic uncertainty associated with the assumption, Eq. ͑24͒, we alternatively employ the quadratic form In Tables II and III , the values of Z V (a/L) are given at LϭL*ϭ8a(␤ϭ6.0) ͑the fifth column͒, where a(␤ϭ6.0) is the lattice spacing at ␤ϭ6.0 for the plaquette action, and at Lϭϱ ͑the eighth column͒. While the former definition of Z V contains an O(a/L*) error, which vanishes in the continuum limit, the latter one is free from such an uncertainty. By taking the difference of Z V between LϭL* and ϱ, the a/L* error in Z V is estimated to be 0.06 at M ϭ1.8 and ␤ϭ6.0 (a Ϫ1 ϭ2 GeV) for the plaquette action or 0.02 at M ϭ1.7 and ␤ϭ2.6 (a Ϫ1 ϭ1.9 GeV) for the RG action. On the other hand, the error associated with the extrapolation in L is larger at Lϭϱ: 0.002 (LϭL*) and 0.025 (Lϭϱ) at the previous parameters for the plaquette action and 0.002 and 0.017 for the RG action. Moreover Z V at Lϭϱ monotonically decreases as M increases at a Ϫ1 Ͻ2 GeV, while it has the minimum in M at a Ϫ1 ՠ2 GeV. Only the latter behavior is observed for Z V at LϭL*. We suspect that the behavior of Z V at Lϭϱ is related to the existence of ͑near͒ zero eigenvalues for the Hermitian Wilson-Dirac operator at a Ϫ1 Ͻ2 GeV: It suggests that the gap of zero eigenvalues for the Hermitian Wilson-Dirac operator is closed at a Ϫ1 Ͻ2 for both plaquette and RG actions. This speculation is consistent with the observation that DWQCD cannot realize an exact chiral symmetry even in the N s →ϱ limit at a Ϫ1 Ӎ1 GeV for both gauge actions ͓12͔, though the quenched artifact may explain the observation ͓17͔. 
in the sixth and seventh columns or the ninth and tenth columns of Tables II and III , where Z V ϭZ V (a/L*) or Z V (0), respectively. In the fit for Z V (0) we exclude a few points for larger values of M at ␤ϭ5.8 and 6.0 for the plaquette action and at ␤ϭ2.2,2.4,2.6 for the RG action, which are represented by solid symbols in the figures and are marked by ''-'' in the tables. These data for Z V (0) have large errors
and large values of ␦ G . Note however that data excluded for the fit are consistent with the fitting curves within large errors. From the figures and tables we observe that the fits works well and ␦ G are less than a few %, except a few points at the edges of the range in M employed for the simulations. We finally investigate how accurate the perturbative estimation for Z V at one loop ͓14͔ is, by considering a relative error, 
